Abstract-Vertex betweenness centrality is essential in the analysis of social and information networks, and it quantify vertex importance in terms of its quantity of information along geodesic paths in network. Edge betweenness is similar to the vertex betweenness. Co-betweenness centrality is a natural developed notion to extend vertex betweenness centrality to sets of vertices, and pairwise co-betweenness is a special case of co-betweenness. In this paper, we analysis the pairwise co-betweenness of WS network model with the different reconnection probability which including rule, smallworld and random network. The pairwise co-betweenness value is represented by several different ways, and it shows some regularity with changing reconnection probability of each edge in WS network model. Meanwhile, for communitystructure network, we obtain vertex-induced subgraph with the highest betweenness vertices, and the edge-induced subgraph with the highest pairwise co-betweenness edges. We demonstrate that the edge of cross-groups is consistent with the edges with top incidental pairwise co-betweenness. Finally, further illustration to the interaction of pairwise co-betweenness and network structure is provided by a practical social network.
I. INTRODUCTION
The thought of centrality is initially proposed in the context of social systems, where it is assumed a relation between the location of an individual and its influence and power in a network. Vertices centrality is a structural property of vertices that express the most important or central vertices in networks [1] , [2] . There are many measures that have been developed to calculate the centrality, such as degree centrality, closeness centrality, betweenness centrality, and eigenvector centrality [3] , [4] , and so on. Many computing methods for it have been rapidly developed [5] , [6] , [7] . For the study of centrality, people are not limited to the single vertex, but also toward to the groups of vertices. The centrality of vertices group is an important issue in the theoretical and practical points of * Corresponding author.
view, and it is developed in different fields. For example, it is used to find the most prominent group in a criminal network [8] , to search a key player problem that related to the cohesion of a network [9] .
Betweenness centrality that has been introduced by Freeman [10] is one of the popular measures of vertex centrality. It is an essential proportion measure of how many geodesic paths(shortest paths) to pass through a given vertex and there are various algorithms [11] , [12] , [13] . Edge betweenness centrality is defined as the number proportion of shortest paths passing through a given edge [14] , [15] , and Girvan and Newman use it to detect communities in complex networks [16] . Path betweenness centrality of ordered group of vertices is a general concept for a single vertex betweenness, and it is defined as the total fraction of shortest paths between all pairs of vertices that traverse all vertices in the ordered group [11] , [17] . The edge betweenness is a special case of the path betweeness where the ordered group of vertices contains two vertices.
Vertex betweenness centrality has been extended to the betweenness centrality of vertices sets in two ways. The first is to define the betweenness centrality of a set in terms of geodesic paths that pass through at least one of the vertices in the set. The notion was introduced by Everett and Borgatti in 1999 [18] , and called group betweenness centrality. Kolaczyk introduced the notion of co-betweenness centrality of a set [19] . He defined the co-betweenness as the number of shortest paths that pass through all vertices in the set. The group betweenness centrality and the co-betweenness are intimately related. That is, the group betweenness can be re-expressed in an inclusion-exclusion manner, with respect to terms of increasingly higher orders of co-betweenness among the elements of group [19] .
If the order in group of vertices is ignored, the path betweenness will be the co-betweenness of vertices set. If the ordered group contains only two vertices, the order of vertices is ignored, and the path betweenness of two vertices will be co-betweenness of vertices pair. Borgatti studied betweenness centrality for all possible paths, as well as all possible trails and walks, and he used numerical simulations to estimate betweenness scores [20] . Puzis te.al proposed a method for fast successive computation of group betweenness centrality based on the path betweenness [17] . Brandes reviewed a number of variants of shortest path betweenness that included boundeddistance betweenness, distance-scaled betweenness, edge betweenness, and group betweenness, and discusses algorithms to compute each variant efficiently [21] . Routing strategy that is based on the path betweenness of vertices have been studied in different fields [22] , [23] . In [24] , the authors defined the routing betweenness centrality measure and presented algorithms for computing routing betweenness of vertices as well as sets and sequences of vertices in the network.
The application and the further research for the cobetweenness centrality are necessary to be enriched. We analysis the pairwise co-betweenness of the WS network model and the community-structure network, and represent the properties and contribution from the pairwise co-betweenness for network. We demonstrate that the importance of edges is always consistant with pairwise co-betweenness of their endpoints. The WS network is a classic network model, and it is also a basis of studying complex network. Which show different specific network model when changing the probability of reconnection link, and the changing process of network properties from the full rule network to the full random network can be observed. On the other hand, the community-structure network is an important class of network, which is found to divide naturally into communities or modules in many networks including a variety of social and biological networks. The vertex-induced subgraph and edge-induced subgraph are extracted from different function networks in a community-structure network, which are related to important vertices and edges and they are meaningful for us to analyze the property of network.
Our paper is organized as follows:In Section 2, we display the preliminaries and definitions related to the co-betweenness, and explain the basic method which we will use in follow sections. In Section 3, we separately illustrate the property of pairwise co-betweenness for three types of the WS network models: the rule, smallworld and random network. In Section 4, we discuss the property of pairwise co-betweenness for communitystructure network by the induced subgraphs. In Section 5, a practical communication network provides a further illustration to the interaction of pairwise co-betweenness and network structure. Finally, in Section6, the paper is concluded.
II. PRELIMINARY MATERIAL
In this section, we describe some basic concepts and definitions that will be used in follow sections. G = (V, E, ω) denotes an undirected and weighted graph, where V is the set of vertices with n vertices, and E is the set of edges with m edges, and ω is a weight function on the edges. We assume that ω(e) > 0, e ∈ E, for weighted graphs; and define ω(e) = 1, e ∈ E, for unweighted graphs. s, t, u, v ∈ V are vertices in the graph. A ⊆ V is a subset of V , and the number of vertices of A is m ′ =|A|. Definition 1. In an unweighted graph G, let σ s,t is the total number of shortest paths between s and t, σ s,t (v) is the number of shortest paths from s to t that pass through v. The betweenness centrality of a vertex v can be defined as follows [10] :
Note that this definition excludes the geodesic paths that start or end at v. The normalized version of
Similarly, the edge betweenness of an edge e indicates the proportion of shortest paths between pairs of vertices passing through e, and the vertex v is replaced by edge e in (1).
Definition 2. In an unweighted graph G, A is a subset of V . Group betweenness centrality of A denoted by B(A) and is given by follows [18] :
Where σ s,t (A) signify the number of shortest paths from s to t that pass through at least one of the vertices in the set A. The normalized form is
In an unweighted graph G, the cobetweenness centrality of A is definited as CB(A) [19] ,
Where σ * s,t (A) signify the number of shortest paths from s to t that pass through all of the vertices in the set A.
Let δ s,· (v) signify the total fraction of shortest paths that start at s and traverse v [10] , [11] .
When the group contains only two members, the cobetweenness of the set is pairwise co-betweenness between two vertices. If A = {u, v}, the number of shortest paths from s to t that traverse both u and v can be found by multiplying the numbers of shortest path in three segments, it is easy to see that:
Then, the pairwise co-betweenness between u and v can be calculated as follows:
In that way, the group betweenness centrality of u and v has a re-expression:
Definition 4. A graph is called undirected weighted information flow network of graph G, and its adjacent matrix F is a symmetrical matrix with elements F ij such that F ij = CB G (i, j). The diagonal elements are the vertex betweenness CB G (u, u), and the off-diagonal elements are the pairwise co-betweenness
, a subgraph consists of V 1 and all edges whose endpoints are contained in V 1 , the subgraph is called vertex-induced subgraph induced by V 1 .
Definition 6(edge-induced subgraph). If E 1 ⊆ E(G), a subgraph consists of E 1 and all vertices who are incident with members of E 1 , the subgraph is called edge-induced subgraph induced by E 1 .
In this paper, we consider the pairwise co-betweenness and the vertex betweenness for different types of network. The computational process for co-betweenness involves mainly several stages. First, the total number of shortest paths between any two points and the total number of shortest paths that pass through a given point are computed. Second, the total fraction of shortest paths(dependency) between all pairs of vertices that traverse all vertices in the group was computed using the recursive relation, which start at original points and traverse given poins. Last, the pairwise co-betweenness is computed by (6) [11] , [19] .
III. THE PAIRWISE CO-BETWEENNESS OF WS MODEL
The WS small-world model was proposed by Watts and Strogatz [25] . Starting with a rule network, we go through each of the edges in turn and with some probability p remove that edge and replace it with one that joins two vertices chosen uniformly at random. The randomly placed edges create shortcuts from one part of the rule network to another. The reconnection probability p controls the interpolation between the rule network and the random network. When p = 0 no edges are rewired and there retain the rule network. When p = 1 all edges are rewired to random positions and there have a random network. The small-world network appears between probability 0 and 1. In this section, we consider the rule network, smallworld network and random network that was aroused by changing the reconnection probability p(p = 0, 0.1, 1), and analysis properties for pairwise co-betweenness of them.
In Fig.1 , the first column( Fig.1(a·) ) are original graphs of WS network model with 16 vertices and average degree is 4. The second columna( Fig.1(b·) ) are mesh graphs of pairwise co-betweenness. The x-axis and y-axis are the vertices order, and the z-axis is the co-betweenness value of pair of vertices(intersection of x-axis and y-axis). The height of the triangle body represents the size of the pairwise co-betweenness(off-diagonal) and the vertex betweenness(diagonal). The last column( Fig.1(c·) ) is UWIN graphs of the original graphs. The size of vertices is in proportion to their betweenness, and the width of each link is drawn in proportion to the pairwise co-betweenness of the two vertices incident to it. Fig.1 (·1) are graphs representation of rule network. Fig.1 (·2) are graphs of small-world network with the reconnection probability p = 0.1. Fig.1(·3) are graphs of random network.
In the rule network, the pairwise co-betweenness value is very regular because of its good properties( Fig.1(b1,c1) ). The co-betweenness values of neighbor nodes (e,g node1 and node2) are all 0.83. All nodes pairs that only one node locate between them(e.g node1 and node3) have the same co-betweenness value 4.17, and it is the largest value among the all pairwise co-betweenness. It suggests that the connection is the most important link in all connections. All nodes pairs that two nodes locate between them have the same co-betweenness value 0.5. For all nodes pairs of three nodes interval, their cobetweenness values are 1 and others are zero. Which show that each person only contact with people around him. The properties is very regular in the mesh graph. There is the highest height of the triangle body in diagonal, because the vertex betweenness is much larger than pairwise cobetweenness.
Let the reconnection probability p = 0.1, the small-world network is shown in Fig.1(a2) . From the UWIN (Fig.1(b2) ), the regularity which the rule network has is destroyed. There are some wider edges, and the width of the edges and their importance is directly proportional in the network. For example, the nodes pair v 3 and v 11 , their co-betweenness value is 4.95, then the node pair v 1 and v 7 is 3.55 and so on. The size of the cobetweenness value is related to the vertex betweenness, but it does not fully depend on it, because it is also related to the network structures. The edge that their endpoints are v 3 and v 11 is a long-distance edge, and it is the most important link in the network. If somebody wants to contact one who stay away from him and they get in touch with each other. The link between them is very important in the entire network, and the corresponding edge is much wider than others in the UWIN graph. In the real world, most of the interpersonal relationship is short range, such as family relationship, classmates, colleagues, which is similar to the edges ending neighbor nodes. On the other hand, a lot of people have distant relationship, . The x-axis and y-axis are the vertices order and the z-axis is the co-betweenness value, and the higher of the triangle bodies represent the size of the pairwise co-betweenness(off-diagonal) and the vertex betweenness(diagonal). They are UWIN graphs(last column). Vertices are in proportion to their betweenness, and the width of each link is drawn in proportion to the co-betweenness of the two vertices incident to it. such as overseas relatives or the classmates and friends who leave home, which is similar to the edges building link over many nodes. It is because of the far connection, there is a feeling that the world is so small. In the smallworld network, the nodes pairs that are made of endpoints of long-range edges have larger co-betweenness value. It validates that the long-range edges are the more important edges, and the nodes that they are incident with that edges are more important in the network. The random network occurs when all edges are rewired or p = 1( Fig.1(a3) ), and it is one case of the WS network model. There are some isolated points and more wider links in UWIN (Fig.1(b3) ), but there is little difference among the breadth of edges and even tends to be homogenization. The largest value of pairwise co-betweenness is 4.31, and the rest is very close even the same. For the isolated nodes, they have a little contribution for the network, and no others points will connect to him transmitting information for the network. The importance of the edges is related to the contribution which the edges make for the whole network.
From the above analysis, the edges experience changing process from the regularity to irregularity in WS network model. We clarify the importance of edges in terms of the pairwise co-betweenness in network. The importance of edges is interrelated with the vertex betweenness, but it does not fully depend on it. The pairwise co-betweenness value of the rule network has a high regularity of distribution. The long-range edges have the larger pairwise co-betweenness values in the small-world network. The co-betweenness value among the different nodes pairs have small difference and even tend to be homogenization in random network. An advantage of the mesh graph of pairwise co-betweenness is to clearly show the cobetweenness distribution and the relationship with vertex betweenness. The pairwise co-betweenness value shows some regularity with changing the reconnection probability. These determine the importance of the edges. The pairwise co-betweenness is a good quantity to measure the center position of edges in network.
IV. THE PAIRWISE CO-BETWEENNESS OF COMMUNITY-STRUCTURE NETWORK
In this section, our target network is a computergenerated community-structure network with 32 vertices. Its average degree is 10, and average degree of intragroup is 8 and average degree of intergroup is 2. The network is divided into four groups and there are 8 vertices in every group in Fig.2(a) . It is a creative idea to analysis the properties of induced subgraphs to the top set of vertices and edges. Fig.2(b) is the UWIN graph of Fig.2(a) 23 , etc. These vertices locate in different communities, and the edges that they are incident with the vertices pairs are the edges of cross-groups.
If pairwise co-betweenness value of two vertices that form an edge is higher, the edge has more chance to be the cross-group edge between two different communities, and the two vertices might be in the different communities. Vice versa, if pairwise co-betweenness is much lower, the two vertices must be in the same community. The edges of cross-groups and the edges that their endpoints are the vertices pairs having top pairwise co-betweenness are always consistent.
Most Often, people need further understand the most important edges or vertices to analysis the network. We now select such vertices and edges according to the vertex betweenness and pairwise co-betweenness to analysis network properties. The co-betweenness value of vertices pairs of cross-groups have clear difference than the value in intragroup. This is reason for us to extract edge-induced subgraph(EIS) and it determine the number of vertices in vertex-induced subgraph(VIS). We construct the vertexinduced subgraph to the set of 10 points of top vertex betweenness (Fig.2(c) ), and the set of vertices is made of center vertices in every community. An edge-induced subgraph is a subgraph to the set of 10 edges that are incident with 10 top pairwise co-betweenness (Fig.2(d) ). The set of edges almost contain all edges of cross-groups.
The VIS is a connected graph. Every group is at least one connection with other groups. If we want to add another node that is out of VIS into the interior of VIS, the node must have a connection with one in another community until there is no such node that is an endpoint of an edge crossing groups. There are several triangles formed when the number of nodes is more than three in interior of every group. The EIS is an unconnected graph and there are many independent edges in it. If the number of vertices in VIS and the number of edges in EIS is the same, the vertices in VIS must be included in EIG, but the edges in EIS are not always included in VIS, and it must belong to the set of edges of cross-groups in original graph( Fig.2(a) ). In addition, if we arrange the network with fewer cross links for principle, vertices that locate near the center have a large probability to connect with the vertices in other groups. It will get higher cobetweenness, otherwise, it may become a isolate one in UWIN. If there is a connection between two vertices, the pairwise co-betwweenness and the edge betweenness is always consistent. Otherwise, the edge betweenness is zero and the pairwise co-betweenness may be non-zero.
The edges of cross-groups and the edges that their endpoints are the vertices pairs having top pairwise cobetweenness are always consistent. The bridge-edges of the community-structure network happen to be the edges of cross-groups. The set of endpoints of bridge-edge is just the set of vertices with top pairwise co-betweenness value. It is similar to the long-distance edges of smallworld network, and they make an important role in community-structure network.
V. sawmill network
Sawmill network is a classic social network within a small enterprise: sawmill. The network is made of 36 vertices and 62 edges. The vertices express employees in the sawmill. Two employees were linked if they rate their contact as three or more in a day. In the sawmill, the employees are Spanish speaking (H) or English speaking (E). The sawmill contains two main sections: the mill (M), where tree trunks are sawn into logs, and the other is planer section (P) , where logs are planed. Then there is a yard (Y) where two employees are working and some managers and additional officials. Fig.3(a) is a topology graph of the sawmill network. The vertex labels indicate the ethnicity and the type of work of each employee, which can identify the attributes of employees. For example, HM-1 is an Hispanic(H) working in the mill section(M). The network dataset come from the book [26] in chapter 6.
This network model is a good actual data to illustrate the properties of the pairwise co-betweenness in network. From the Fig.3(b) , HM-1 (Juan) is the most central person who has the maximum vertex betweenness value in this network. He communicates directly with many colleagues and it is easy for him to reach most of the employees in the sawmill. The pairwise co-betweenness value between the employee HM-1(Juan) and HP-5 is 99.49. They have the highest communication frequency, and the link between them is the most centerest in the network. Juan and HP-5 are Spanish speaking, and it is very convenient to communicate with each other. Furthermore, Juan is in mill section, and HP-5 is in planer section, so Juan and HP-5 make a vital function for the normal operation in two sections. The second largest pairwise co-betweenness value is 85.8 appearing in pair of HM-1 and EM-1. They belong to the same section, but HM-1 is Spanish speaking, and EM-1 is English speaking. It indicates that they have the most frequent communication than others in the same section. EM-1 has a frequent contact with Em-3, EM-2, EM-5, and he is centra in English speaking. HM-1 ensures the normal running in internal mill by frequent contact with EM-1, and he manages the work between the two departments by frequently contacting with HP-5. HM-1 (Juan) is maybe a head of the two sections. Besides, HM-1 has close contact with HP-7, HP-4, because they are speaking Spanish. People more tend to communicate with someone in common language, and it is reasonable in reality. For instance, they speak the same language, or they have the same interest and so on. Overall, after doing every thing for work, people have a tendency to contact with someone in common. It also verifies the correctness and rationality of our method. Because the co-betweenness value has a large difference when the number is between 13 and 14 after descending ordered. So we select the set of top 13 points and extract it as a VIS (Fig.3(c) ) from the original network( Fig.3(a) ). As a matter of fact, the subgraph is a backbone network that includes the most central individuals in every section and every ethnicity. Compared with the original network, we get the EIS to the set of edges that are incident with the top 13 pairwise co-betweenness, see Fig.3(d) . There are more enclosed components in VIS than in EIS, more branches in EIS than in VIS. But they both contain the important employees and connections coming from every section and ethnicity. In Fig.4 , there are three red edges that do not been contained in the original network. Though individuals(such as HP-5 and EM-1) that they are incident with the edges have no direct communication, their indirect communication by others people make a important role in the whole network. It suggests that the indirect connection is not been neglected in analysis of network.
VI. CONCLUSIONS
The co-betweenness is a new direction related to the group betweennes. In this paper, the pairwise cobetweenness of the basic network models is studied, and it has not been found in the literature until now. For the WS network model, we analysis the pairwise co-betweenness, and represent it with ways of mesh graph and topology graph representation. The co-betweenness value shows some regularity with changing the reconnection probability. The co-betweenness value of the rule network has a high regularity of distribution, and the long-range edges have the larger pairwise co-betweenness value in smallworld network, and the co-betweenness value among the different pairs of vertices is small difference in the random network. For the community-structure network, the edges of cross-groups and the edges that their endpoints are the pairs of vertices having top pairwise co-betweenness are always consistent. An extra content that are vertexinduced subgraph and edge-induced subgraph is considered. The VIS is a connected graph and The EIS is an unconnected graph. The vertices in VIS must be contained in the EIG, and the edges in EIS must belong to the set of edges crossing groups. If there is a connection between two vertices, the pairwise co-betwweenness and the edge betweenness is always consistent. The edges of cross-groups are similar to the long-distance edges of small-world network. They make an important role in the community-structure network. Sawmill network is used to provide further illustration for pairwise co-betweenness. The VIS and EIS contain the important employees and connections coming from every section and ethnicity. 
